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COEFFICIENTS IN A HALF SPACE 
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Abstract. We extend several known results on solvability in the Sobolev 
spaces Wp, p £ [2, oo), of SPDEs in divergence form in to equations 
having coefficients which are discontinuous in the space variable. 



1. Introduction 

Let (f2, J 7 , P) be a complete probability space with an increasing nitration 
{^t,t > 0} of complete with respect to (T,P) cr-fields Tt C T. Denote 
by V the predictable cx-field in O x (0, oo) associated with {Tt\- Let w k , 
k = 1,2, be independent one-dimensional Wiener processes with respect 
to {T t }. 

We fix a stopping time r and for t < r in 

R d + = { x = (x 1 , x >) : x 1 > 0, x' = (x 2 , x d ) e R^ 1 }, d>2, 

M.\ = R + = (0,oo) 
consider the following equation 

du t = (L t u t + Difl + /°) dt + (A^ut + g k t ) dw k t , (1.1) 

where ut = ut(x) = Ut(to,x) is an unknown function, 

L t ip(x) = D j (4 j (x)D i ij(x) + <4(x)il)(x)) + b\{x)Diijj{x) + c t (x)^(x), 

A k ij(x) = a\ k {x)D^{x) + v k (x)i;(x), 
the summation convention with respect to i,j = l,...,d and k = 1,2,... is 
enforced and detailed assumptions on the coefficients and the free terms will 
be given later. Equation (jl.ip is supplemented with zero initial data and 
zero boundary condition on x 1 = 0. Other initial conditions can also be con- 
sidered by a standard method of continuing them for t > and subtracting 
the result of continuation from u. However, for simplicity of presentation 
we confine ourselves to the simplest case of zero initial condition. 

One of possible approaches to equation (jl.ip is to rewrite it in the nondi- 
vergence form assuming that the coefficients of and a] are differentiable in 
x and then one could apply the results from [2] to obtain the solvability in 
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Wp spaces for all p > 2. It turns out that the differentiability of a\ ] and a\ 
is not needed for the corresponding counterparts of the results in [2] to be 
true, which is shown in p], where the coefficients a and a are just continu- 
ous in x. Recent development in the theory of parabolic PDEs allows one 
to further reduce the regularity assumption on a (but not a) and require 
that a be in VMO with respect to the space variable and showing this is the 
main purpose of this article. 

The main guidelines we follow are quite common: getting a priori esti- 
mates and using the method of continuity. The method of continuity requires 
a starting point, which in our case is the solvability of the equation 

du t = (Aut + Dift + / t °) dt + g k dw k t (1.2) 

for sufficiently large class of f-',g k , say, smooth with compact support. By 
the way, introducing a new unknown function 

v t = ut- [ g k dw k s 
Jo 

reduces (|1.2j) to the heat equation with random free term, which makes 
proving the solvability of (|1.2|) quite elementary. Here is the only point 
where we rely on the theory of SPDEs with constant coefficients. 

Our methods of obtaining a priori estimates are quite different from the 
methods of [1] and do not require developing first the theory of SPDEs in 
Mi or in M. with coefficients independent of x (but depending on t and u). 
In our case this theory does not help because the usual method of freezing 
the coefficients does not lead to small perturbations due to the fact that, 
generally, a is not continuous in x. 

Instead, we use new interior estimates of independent interest for SPDEs 
in M d (Theorem 13. 3p which we then apply to get an a priori estimate for 
equations in of the highest norm of the solution in terms of its lowest 
norm (Theorem 14.11 and Corollary I4.2p . Then in Section U] we develop a 
new method of estimating the lowest norm of the solution again avoiding 
considering equations with coefficients independent of x. 

We work in Sobolev spaces with weights which is unavoidable if the sto- 
chastic terms in the equation do not vanish on dMi. It is interesting that, 
even if they vanish identically, our results are new. By the way, in that 
deterministic case the restriction p > 2 can be relaxed to p £ (l,oo) by 
using a standard duality argument. Also in a standard way our results can 
be extended to cover SPDEs with VMO coefficients in C 1 domains. The 
interested reader is referred to pQ for necessary techniques to do that. 

Our results cover the classical case that p = 2 when no continuity hy- 
potheses is needed and even in this case the results are new in what con- 
cerns weights. In the case when p ^ 2 and a is only measurable in x the 
best results can be found in [3], where a = and p > 2 is sufficiently close 
to 2. 
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2. Main results 

Throughout the article the coefficients a 1 /, a\, b\, a\ k , q, and v\ are 
assumed to be measurable with respect to V X ,B(R d ), where ,8(IR d ) is the 
Borel cr-field on M d . We understand equation (II. lj) in the sense of generalized 
functions. To be more specific we introduce appropriate Banach spaces. 

Fix some numbers 



p>2, G (d— l,d — 1 + p), 



and denote L p = L p 

L pfi = {/ : M^/vf G L p }, \\f\\ Lp!e = \\M^^f\\ Lp , 

where M is the operator of multiplying by x l , so that (M^ 9 ~ d ^ p f)(x) = 
{x i ~)^~ d ^ p f{x). We use the same notation L p and L p $ for vector- and 
matrix- valued or else ^-valued functions such as g% = (g^) in (jl.ip . For 
instance, if u(x) = (u 1 (x) , u 2 (x) , ...) is an ^-valued measurable function on 
R d , then 



« « oo 

Jw + jR + k=l 



Denote 



<9x l ' 

By .Dit we mean the gradient with respect to £ of a function u on R^. By 
W p l we mean the space of functions such that u,MDu G L P: g. The norm 
in this space is introduced in an obvious way. As is easy to see 

IIM-^H^ ~ HM-^IU^ + \\Du\\ Lp j. (2.1) 

Recall that r is a fixed stopping time and set 

L p> g(r) = L p ((0,rlV,L Pt g), Wj/r) = L p ((0,t],7>, W^). 

We also need the space 233* q(t), which is the space of functions ut = 
ut(u>, •) on {(u, t) : < t < r, t < oo} with values in the space of generalized 
functions on and having the following properties: 

(i) We have M~ x uq G L P (Q, F , L P:9 ); 

(ii) We have M~ l u G WJ^(t); 

(iii) There exist real valued /° G M _1 L p g(r), G L p g(r), and an 
^2-valued 5 = (# fc , k = 1,2, ...) G L^t) such that for any p £ Co°(M+) with 
probability 1 for all t G [0, 00) we have 

00 ,. t 

(u tAr , if) = (u , (f) + ^V] / J s<r(5s , 9?) d ™s 

+ fu( - (/:, AV) + (/.°,¥>)) da. (2.2) 

JO 
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In particular, for any <f> E Cq°(R^.), the process (ut/\ T , 4>) is ^-adapted and 
continuous. 

In case that property (12. 2p holds, we write 

du t = {D l fi + fi)dt + g k t dw k t (2-3) 

for t < t and this explains the sense in which equation (II. ip is understood. 
Of course, we still need to specify appropriate assumptions on the coefficients 
and the free terms in (II. ip . 

For u G W l p e (r) we write u G SHp^o^) if u = 0. 

Remark 2.1. It is worth noting that, if u G W^qq{t), then for any (f> G 
C~(M+) the function ucj) G Wp )0 (r) (we remind the definition of Wp (r) 
later) and as any element of Wp (r) is indistinguishable from an L p -valued 
.Ft-adapted continuous process (see, for instance, [7]). 

In the following assumption we use a parameter K > 0, which will be 
specified later small constant. 

Assumption 2.1. For all values of indices and arguments we have 

\Ma\\ + \Mb\\ + \M 2 c t \ + \Mv t \ la <K, c t < 0. 

Remark 2.2. Assumption [2J] shows that a|, &|,ct, and go to zero asi 1 -> 
oo. Actually, in applications to SPDEs in bounded domain this is irrelevant 
because far from the boundary everything is taken care of by the theory in 
the whole space. On the other hand, a\, b\, ct, and v% can blow up to infinity 
for x 1 approaching zero. 

Assumption 2.2. For a constant 5 E (0, 1] for all values of the arguments 
and £ G M. d we have 

where 

Notice that we do not assume that the matrix (a 1 /) is symmetric. 
Remark 2.3. Observe that if M u G WL(r), then 

M _1 u G L Pifl (r), G L Pi0 (r), 

and all 

a^DiU, a j u, MUD^u, Mcu, a l DiU, vu 

belong to L Pi g(r), so that the right-hand side of (jl.ip has the form of the 
right-hand side of (12. 3p with some and g fc there and (jl.ip makes perfect 
sense for any u G 233* 9 (t). 
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For functions ht(x) on and balls B in M. d introduce 

h t (B) = 7^7 J^h t (x)dx, 

where |B| is the volume of B. 

If p > 0, set Bp = {x : \x\ < p} and for locally integrable h t (x) and 
continuous Revalued function xt,t > 0, introduce the integral oscillation of 
h relative to B and x. by 

oscp (h,x.) = sup— / (\h t - ht(B+x t )\)(B+x t ) dr, 

s>0 P J s 

where B = B p . Also for y E M. d set 

Osc p (h,y)= sup suposc r (/t, y + x.), 
\x-\c<p r <P 

where \x.\c is the sup norm of \x.\. Observe that osc p (h,x.) = if ht(x) is 
independent of x. 

Denote by (3q one third of the constant (3o(d,p, 5) > from Lemma 5.1 of 
i. 

Assumption 2.3. There exist a constant e £ (0, 1] such that for any y E 
(and a>) we have 

Osc ey i (a^,y) </3q, Vi,j. (2.5) 

Furthermore, 

(4 k ( X )-4 k (y))ee>s\e 

for all ^, and x satisfying \x — y\ < ey 1 . 

Remark 2.4. This assumption is quite substantially weaker than similar as- 
sumptions known in the literature (see, for instance, pQ and the references 
therein), where the oscillation of a 13 in (|2.5|) is understood as 

sup sup \dt (x) — a 1 ? (y)\. (2-6) 

*>0 Iz-t/l^e^iA?/ 1 ) 

It is easy to see that if, for an e G (0, 1], (12. 6D is less than a f3 > 0, then 
the left hand-side of (|2.5I) is also less than (3 if we replace there e with e/4.) 
With such substitution a^(x) will have jumps at each point x G not 
larger than /3o, which is a small constant. 

On the other hand, if aj (x) is independent of t, then, for < y 1 < 2, 
(|2.5p is satisfied if a G VMO, which is the class of functions with vanishing 
mean oscillation and which for d = 2 contains, for instance, the function 
2 + sin f(x), where f(x) = ln 1//3 (|x — e| A 1) and e is the first basis vector in 
M. d . The usual oscillation of this function at e is 2. 

Remark 2.5. It follows from our proofs that if a = 0, then we can relax 
condition (|2.5j) by using the modified integral oscillations which are defined 
by taking x t = 0. 
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Let Pi = Pi(d,p,5,e) > be the constant from Lemma 5.2 of [8]. 

Assumption 2.4. There exists a constant E\ > such that for any t > 
we have 

Wt(x)-4(y)U 2 <Pi, 

whenever 

x,y€R+, \x — y\ < ei(x 1 A y 1 ), i = l, ...,<Z. 
Our first main result is the following. 

Theorem 2.6. Let 5 > be a constant such that for any £ € R d and aW 

values of arguments we have 

*(£4V) 2 <(af-«?)^ (2.7) 

j 

Let Assumptions OP through \2.J\ be satisfied with a (small) constant K = 
K(d,p,5,5,6,s,Ei) > 0, an estimate from below for which can be obtained 
from the proof. Set 

1 = e-d-p+l (<0) 

and assume that 

| 7 |(^) 1 / 2 (p-l)>p| 7 + l|, 
which holds, for instance, if 6 = d + p — 2 w/ien 7 + 1 = 0. T/ien /or any 
f°,...,f d , and g = (g k ) satisfying 

Mf°J\g=(g k )elL p ,e(T), i=l,...,d 

there exists a unique u E 2Bpg (r) satisfying (jl.ip inR^. Furthermore, for 
this solution 

d 

H^ull^ (T) < iV(||M/ || L ^ {T) + £ ||f || Lp , (T) + \\ 9 \k pAT) ), (2.8) 

i=l 

where N depends only on d,p,8,9,5, e, and b\. 

Remark 2.7. As it follows from the proof of Theorem 12.61 if P = 2, As- 
sumptions 12.31 and 12.41 are not needed. Thus we obtain the classical result 
on Hilbert space solvability of SPDEs in half spaces with one improvement 
that we can allow spaces with weights. By the way, observe that the proof 
of Theorem 12.61 does not use the Hilbert space theory of SPDEs. 

To state our second result we need an additional assumption. 

Assumption 2.5. (i) There exists a constant 5 £ (0, 1] such that for all 
£ G R d and all arguments we have 

s^^e? <<t\$ -ji)ee, (2.9) 

3 

where 

a? = (l/2)(d? + a? i ). 
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(ii) It holds that 

d-l+p[l- - \ ]<9<d-l+p. (2.10) 
p(l — 5) + 6 

(iii) For a constant /3 2 > 0, if x,y G R*J. are such that \x — y| < x 1 A y 1 , 
then for all i = 1, (i and i > 

|a?(x)-af(y)|<A. (2.ii) 

Remark 2.8. In previous works on a similar subject (see, for instance, pQ or 
[5]) a condition stronger than (|2.9|) used to be assumed: 

(2.i2) 

That (|2.12p is stronger than (|2.9p follows from the fact that for the positive 
definite matrix (a/) and r] = (1,0, ...,0) it holds that 

i j 

Also observe that sometimes (j2.9|) holds with (5 = 1 and (|2.12p does not. 
This happens, for instance, if a t J = for all j and = for j ^ 1. 
Finally, in the case when a = condition (12. 9j) is satisfied with 5 = 1 and 
then condition (|2.10j) becomes d — 1 < 9 < d — 1 + p which is the widest 
range possible for 9 even in the deterministic case for the heat equation. 

Remark 2.9. Condition (12. lip is imposed only on a] 1 . As is discussed in pQ 
(also see references therein), this condition allows rather sharp oscillations 
of af~(x) near cM^. The other entries of (a l t J (x)) are still allowed to be 
discontinuous in x but yet kind of belong to VMO (cf. Remark I2.4p . 

Theorem 2.10. There exist (small) constants K > and fa > 0, depend- 
ing only on d,p, S, 5, 9, e, and e± and estimates from below for which can be 
obtained from the proof, such that if Assumptions 0O1 through \2. 51 are satis- 
fied with these constants, then the assertion of Theorem \2.6\ holds true again 
with 5 in place of 5 in the arguments of N . 

We prove Theorems 12.61 and 12.101 in Section [5] after preparing necessary 
tools in Section [3l where we treat equations in M. d , and in Section [4] contain- 
ing auxiliary results for equations in R^_. 

3. Auxiliary results for equations in R d 

The assumptions in this section are somewhat different from the assump- 
tions of Section [2] apart from the assumption about the measurability of the 
coefficients. 

To investigate the equations in R^_ we need a few results about equations 
in R d . To state them we remind the reader the definition of spaces Wj(r) 
and yVp{r) introduced in |7j (which is somewhat different from T~L^{t) in pQ 
or [5] , see the discussion of the differences in [8] ) . 
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As usual, 

W p l = {u G L p (R d ) : Du G L p (R d )}, \\u\\ w i = \\u\\ Lp(Rd) + \\Du\\ Lp{Rd) . 

Recall that r is a stopping time and set 

Lp(r) :=L p ((0,TlV,L p (R d )), Wj(r) := L p ((0, r], Wj). 

The space W p (t), is introduced as the space of functions ut = ut(cj, •) on 
{(u>,t) : < t < r,t < 00} with values in the space of generalized functions 
on R d and having the following properties: 

(i) We have u G L p (Sl, Fq, L p (R d )); 

(ii) We have u G W*(r); 

(hi) There exist / l € L p (t), i = 0, and g = (g l ,g 2 , ■ ■■) G L p (r) such 
that for any ip G C^°(M rf ) with probability 1 for all t G [0, 00) we have 

00 . t 

(UiAr, <P) = (U0, <P) + / Is<r{g k s , V?) dlV* 

k=l J ° 

+ f I s < T {{flv)-UlD lV ))ds. (3.1) 
J 

In particular, for any G Cq°, the process (utAr,4>) is .^-adapted and 
continuous. 

The following result is a somewhat weakened version of Corollary 5.5 
in [8]. 

Lemma 3.1. Let G C R d be a domain (perhaps, G = R d ) and let K > 0, 
e > 0, and E\ G (0, e/4] be some constants. 

(i) Let f j ,g G L p (r), and u G W^qC 7 ") safe/y (fLTI) in M d for t < t and 
be such that ut(x) = if x £ G. 

(ii) Suppose that Assumption \2.2\ is satisfied and suppose that for y G G 
and all values of indices and other arguments 

\4(v)\ + \ b i(v)\ + h(y)\ + Wt(y)U 2 < k, c t ( y ) < o. 

(Hi) Assume that, for any xq, such that dist (xq, G) <£\, we have 

Qsc £ (a^,x ) <A), Vi,j, (3.2) 
where (3q is the one third of /3o(d,p,5) > from Lemma 5.1 of [5], a^d 

i<(x) - ^(xo)^ < a, (af o/) - 4 k (*om j e >m 2 m 

for all values of indices and arguments such that \x — xq\ < e\ and \y — xq\ < 
e, where Pi = 0i(d,5,p,e/2) > is the constant from Lemma 5.2 o/[5]. 

Then there exist a constant N depending only on d,p, K, 5, e, and £\ such 
that 

d 

P«||Lp(T) < ^(Z)ll/ik(r) + lblk p (r) + ll/ |lL p 2 ( r )ll«llL p 2 (r ) + \\ U K{r)) ■ 
i=l 
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Next we give a version of Lemma 13.11 for some particular domains G the 
most important of which will be {{x 1 ] < R}. We state it in a slightly more 
general setting suitable for investigating interior smoothness of solutions in 
R d or in M^. 

We fix an integer d\ G [1, d] and for x G M. d introduce 

di 

\ x \' = ( Y,( xi ) 2 ) 1,2 1 B' R = {x£R d : \x\' < R}. 

i=l 

Theorem 3.2. Take some e > 0, e\ G (0,e/4], K > 0, and R > 0. 

(%) Let G L p (r) ; and it G W^ (r) satisfy in M d /or 4 < r. 

fnj Assume that ut(x) = if x ^ B' R . 

(Hi) Suppose that Assumption \2.2\ is satisfied and for y G B' R and all 
values of the indices and other arguments 

R\a\{y)\ + R\b\{y)\ + R\My)k + R\t{y)\ < K, c t (y) < 0. 

(iv) Assume that (13. 2j) with eR in place of e and ()3.3|) hold for any xq, 
such that \xq\ < (1 + e)-R, and x, y such that \x — xo\ < e±R, \y — xq\ < eR, 
and all values of indices and other arguments. 

Then there exists a constant N = N{d,p,5,K,e,e\) such that 

d 

n^ikM <^(E n/ikw + n*k(r) + ii/ iiif (T ) +ir 1 w*Ku) • 

i=l 

(3.4) 

Proof. If R = 1, the result follows directly from Lemma 13. 11 The case of 
general R we reduce to the particular one by using dilations. Introduce 

ft = T m , f = R~ 2 t, w k = R~ 1 w R 2 t , 

{a\ 3 ,a\, ht, c t ,a t , v t ){x) = (a^ 2t , Ra l R2v Rb RH , R 2 c m , a m , Rv R 2 t )(Rx), 

ut(x) = u R 2 t {Rx), f l t (x) = Rf R 2 t {Rx), i = 1, d, 

f?(x) = R 2 f R 2 t , g k t {x) = Rg k R 2 t {Rx). 

Also introduce the operators Lt and A k constructing them from the above 
introduced coefficients. It is easily seen that w k are independent Tt- Wiener 
processes, f is an ^-stopping time, all the above processes with hats are 
predictable with respect to the filtration {ft}, and u G Wpo(*^)> fi9 £ 
L p (f), where the spaces with hats are defined on the basis of {fit}- 
Observe that for t < f 

L t u t (x) = (Dj(a tj (x)DiU t (x) + d 3 t (x)u t {x)) + b\{x)DiU t {x) + c t {x)u t {x) 

= R 2 {D j (a l ^ 2t D i u R 2t + a RH u R 2 t ) + b RH DiU RH + c R 2 t u R 2 t )(Rx) 
= R 2 L R 2 t u R 2t(Rx), Dj R2t (x) = R 2 (D i f RH )(Rx), 

rtAf 

/ [L s u s (x) + DJl(x) + f°(x)]ds 
Jo 
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-{R 2 t)Ai 



[L s u s (Rx) + Dif s (Rx) + f°(Rx)] ds. 
Of course, we understand this equality in the sense of distributions: 

/ {L s u s + D i fl + fl<p)ds= / ([L s u s + Dif s + fg](R-), 4>) ds 

Jo Jo 



for any cj) £ Cq°(IR ). One also knows that if h t is an ^-predictable process 
satisfying a natural integrability condition with respect to t, then 



rt a r-R?t ^ 

/ h s dw k = R^ 1 / h R -2 s dw k (a.s 
io 7o 



Therefore, (a.s. 

»tf\T ftf\T 



/ + dw k = R / [A^ s «ii2 s + g k R 2 s ](Rx) dw k s 

Jo Jo 



(R?t)/\T 

[A k s u s + g k s ](Rx)dw k s . 



It follows that (a.s.) 

/ [L s u s (x)+DJl(x) + f°(x)]d S 
Jo 



tAf 



+ / [A*u, + 9 k s ](x) dw k s = u {m)hT {Rx) = Ut A f(x), 



so that u satisfies equation (jl.ip with new operators and free terms. It is 
also easy to see that our objects with hats satisfy the assumptions of the 
theorem with R = 1. Therefore, by the result for R = 1 

\\™Km < N(J2\\f j h p( r) + + II^OhI 1 /^) + \\*K m )- 

3=1 



Now it only remains to notice that changing variables shows that this in- 
equality is precisely (|3.4p . The theorem is proved. 

Here is an interior estimate for equations in W 1 . In its spirit it is similar 
to Theorem 2.3 of [6]. 

Theorem 3.3. Let assumptions (i), (Hi), and (iv) of Theorem \3.S\ be satis- 
fied. Then, for any r G (0, R), we have 

\\iB>Du\\ Lp{T) < ^(ii/ Bk /°iiif {T) ii^^iii5 r) 

d 

+ Y,W I B'J i K(r) + \\Ib> r 9K(t)) +N(R-r)- 1 \\ U I B , R \\ Lp{T) , (3.5) 

i=l 

where N = N(d, p, S, K, e, E\ ) . 
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Proof. We follow a usual procedure taken from the theory of PDEs. Let 
x(s) be an infinitely differentiable function on R such that x( s ) = 1 f°r s < 
and x( s ) = f°r s > 1. For m = 0, 1, 2, ... introduce, (ro = r) 

fit 

r m = r + (R - r) £ 2"', (m(x) = x(2 m+1 (i? - ^(M' - r m )). 
i=i 

As is easy to check, for 

= B' rm , 

it holds that 

Cm = 1 on Q(m), C m = outside Q(?n + 1). 
Also (observe that A^2 m+1 = iVi2 m with JVi = 2JV) 

\DCm\<N2 m (R-r)-\ 
Next, the function Cm^t is in Wp (r) and satisfies 

d{CmUt) = {LtiCmUt) + Djf mt + f mt ) dt + {K k t {C m ut) + gi t ) dwt (3.6) 
where 

fLt = -OtUtDiCm + Cm//, 3 = h -,d, 
fit = -€^{DiUt)DjU - UtaiDjCm ~ UtblD.Cm + Cmft ~ # ACtn- 
9mt = (m9t ~ Utof DiCm- 

Notice that 

1/4,1 < N2 m (R - ry l \Cm +l u t \ + C m \fi\, J = 1, d, 
\Ct\ < N2 m {R - r)- l Cm + i\Du t \ + N2 m (R - r)- 2 \C m+1 u t \ 



+NCm\f?\ + N2 m (R - r)- l C m+1 

< N2 m (R - r)- l \D(C m+1 u t )\ + N2 2m (R - r)- 2 |C m+ i^| 

d 

+NC m \f?\ + N2 m (R - r^Cm+i \fll 

3=1 

\9mt\e 2 < Cm\9t\e 2 +N2 m {R-r)- 1 \C m+ iUt\. 
Since CmUt(x) = for x B' R , by Theorem 13.21 and Young's inequality 
we have 

D m := \\D{Cmu)\\ hp{T) <NF + N2 m (R - r^Um+i 
<NF + N2 m (R - ry'Um+i + 2~ 2 D m+1 , 

where 

d 

U m ■= \\(mU\\h p (T), F '■= ^2 H^/ 1 ||l p (t) + II^5'IIl p (t) 



i=l 
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I, T II 1/2 n T n 1/2 

It follows that 

oo oo 

D + 2" 2m An < NF + N(R - r)- 1 !!^ || Lp(T) + £ 2~ 2m D m . 

m=l m=l 

By canceling like terms we estimate Dq by the right-hand side of (|3.5p . Its 
left-hand side is certainly smaller than Dq. This would yield (|3.5p provided 
that what we canceled is finite. 
Obviously, 

D m < N\\Du\\ Lp(T) + N2 m {R - r^WuW^) 
and the terms in question are finite since u G Wi(r). The theorem is proved. 

4. Auxiliary results for equations in 

In this section we are investigating the local regularity of solutions in 
and give preliminary a priori estimates. 
For r > denote 

G r = {iGR' i :0<i 1 < r}. 
Here is the divergence form counterpart of Theorem 4.3 of [6]. 

Theorem 4.1. Take an R G (0, oo] and suppose the following. 

(i) Assumptions \2. il through \2.4\ are satisfied. 

(ii) We have a function u such that 4>u G Wp ( r ) f or an V <P Co°(Gr) 
and u satisfies (11.1ft m R^ /or t < r mi/i some /■ ? , <? = A; = 1, 2, ...) sitc/i 
tto* Mf°,f\g G Lp^(r), i = 1, 

Then, for any r G (0, -R/4), 

PiMMi^r) < iV||I Gjl M/ ||^ (r) ||I Gjl M-V||^ (r) 

d 

+ ^ E H^/IIl^m + ^IKgh^II^w + iVHJ^M-^ll^^, (4.1) 

8=1 

w/iere N = N(d, p, 5, e, E\,K). 

Proof. We are going to apply Theorem 13.31 to shifted B' R when d± = 1. 
For n = —1,0, 1, set r n = 2 -n / 3 r. Observe that if n > 0, then the half 
width of GV n _i \ G rn+2 equals p n := r n+2 /2 and 

r n -i + Pn < 2r_i < 4r < i?, r n+2 - p n = Pn- 

Let c n = (r n _i + r n+ 2)/2 and observe that for xo G R+ such that |xj — c n | < 
(1 + e)p n we have p n < x\ because e < 1. It follows that 

Osc £Pn (a iJ ,x ) < A)- 
Also, for y G G rn _ 1 \ G rn+2 we have p n < y 1 and 

Pn|oj(y)| + pnW t {y)\ + pnh(y)k +plh(y)\ <k, Ct ( y ) <o. 
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Next, if \xq — c n \ < (1 + e)p n and \y — xq\ < sp n , then \y — xq\ < ex^ and 

(a> k (y)-c4\x ))¥e>m 2 - 
Finally, define 7 € (0, e/4] by 

7 e 
El A - 



1-7 4 

and observe that if |xj — c„| < (1 + e)p n and |x — x$\ < Jp n , then 

\x - x \ < 7x0 < 7(^0 A x 1 ) < £x(x\ A x 1 ) (4.2) 

if x 1 > Xq and, if x 1 < xj, then Xq — x 1 < 7x9, xj < (1 — 7) _1 (xo A x 1 ) and 
the inequality between the extreme terms in (|4.2p holds again. In that case 

KO) - o't'C^o)!^ < Pi- 
This means that the assumptions of Theorem 13.31 about the coefficients are 
satisfied if we shift c n into the origin. 

Furthermore, if n > 0, ( € Cq°((0, R)), and = 1 for r n+2 < 2 < r n _i, 
then £u satisfies (jl.ip in M d with certain / and g which on G Tn _ 1 \ G Tn+2 
coincide with the original ones. Finally, if n > 0, then the distance between 
the boundaries of G rn \ G Tn+1 and G r - n _ 1 \ G Tn+2 is (2 1//3 - l)r n+2 . 

It follows by Theorem 13.31 that for n > 

\\I G \ C Dull? ,< N(\\I G VG JJ G v G ^||f /2 , , 

+ 2 H^.^G^f IIl p(t ) + ll i Gr„-l\Gr^. a ^llL„(T); 



Young's inequality yields that for any constant \ > 

ll^,,AG,. n+1 ^llL p (r) ^ ^n+ 2 (l +X)ll^ n _ 1 \G, n+2 U llL p (r) 

+ Ar ( r n+2X _1 ||^,. n _ 1 \G rn+2 /°llL p (r) + £ H^n-X \ G -n+2 ^ Hl»(t) 

i=l 

+ ll / G, n _ 1 \G In+2 5ll^ {T) ). 

We multiply both parts by r^7/ 2 and use the facts that r n _i = 2r n+2 and on 
G Tn _ x \ G rn+2 the ratio x x /r n+2 satisfies 

1 < x l /r n+2 < 2. 

Then we obtain 

\\Ig \g Dug , * < N(l + y)\\Ig \g M~\E 



+iV(x" 1 |!/r \c Af/°||? , ,+V||/ G \ G /Ml? , x 

1=1 



+W I Gr n „ 1 \G rn+2 g\\i pAr) )- 
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Upon summing up these inequalities over n > we conclude 

+N( X -i\\I Gr _Mf% pAT) + £ ll^ril^M + II WIIU T) ), 

i=l 

which after minimizing with respect to x > leads to a result which is even 
somewhat sharper than (|4.ip . The theorem is proved. 
By letting r — > oo in (|4.ip we get the following. 



Corollary 4.2. // the assumptions of Theorem \4-l\ hold with R = oo, then 
\\Du\k pAr) < N\\Mf^l (T) \\M-MYl {T) 

d 

11/ik.M + m\g\k pA r) + N\\M-'u\\ hpAT) , 

1=1 

where N = N(d,p,8,e,ei, K). In particular, if \\M~ 1 u\\^ g ^ < oo, then 

Corollary 14.21 reduces obtaining an estimate for ||iW — w i , \ to estimat- 

ing ||M _1 it||]L p fl ( r ). Estimating the latter will be done by using the following 
"energy" estimate. Recall that 

1 = e-d-p+l (<0). 

Lemma 4.3. Let u G W^ij), M f° e L^(r), f G L Pifl (r), i = l,...,d, 
9 = (d k ) 6 L Pj 5i(r) and assume that f| 2 . 3 1) /ioWs /or t < t in the sense of 
generalized functions on Rl . T/ien 

£? f ( / [pjir+vrV-pip-i^kr^ 

-p( 7 + l)M^| Ut rV// + (l/2)p(p - l)M^ +1 \ Ut r 2 \g t \l] dx) dt 

>EI T<00 [ M^ +l \u T \ p dx (4.3) 

with an equality in place of the inequality if r is bounded. 

Proof. First of all observe that the concavity of the function log t implies 
that 

a" 1 ...a" n < a.\a\ + ... + a n a n 
if ai, on > and ot\ + ... + a n = 1. It follows that for any k > 

M 7+1 KI P_1 |/i°l < KM^lM-^tl^ + iVM^lM/t ^, 

d 

M^ +1 \u t r 2 1 /* D iUt | < «;M e_d (| M- 1 ^ |* + |D«( | p ) + iV £ M *~ d | /* l P > 

i=i 

ATlutl 1 ^ 1 !/* 1 ! < KM e - d \M- l u t \ p + NM e - d \fl\ p , 
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MT +1 Kr 2 M| < KM e ~ d \M~ 1 Ut\ p + NM 6 - d \g t \ p £2 , (4.4) 

where the constants iV depend only on k and p. The right-hand sides in 
these estimates are summable over (0, r] xR rf , implying that the expectation 
in (|4.3p makes perfect sense. 

Next take a nonnegative function </> of one variable x 1 of class Cq°(IR+) 
and notice that 

-(7 + l^M^+^-V/t 1 + Di{M^ +i y p f t <j))) dt + M^ +1 )/ p ft V^ fc - 

This equation holds in M. d rather than only in Mi. Hence, by Corollary 2.2 
of ® 

E f ( f M^+^pKr 2 ^^- 1 ^ -p/ t V -( 7 + l)M-V/i 1 ] 

- P (p - i)iutrv -1 / t VA«t + (i/2)p(p - i)^Kr 2 btii 2 } dx) ^ 

>EI T<OQ [ M~< +1 \u T \ p (j) p dx (4.5) 

with an equality in place of the inequality if r is bounded. 

By recalling what was said in the beginning of the proof and having 
in mind the dominated convergence theorem and Fatou's lemma we easily 
see that, to prove inequality (|4.3p . now it suffices to find a sequence of 
(j) n e Co°( R +) such that < 0„ < 1, 0„ ^ 1, and 

E [ [ Mi +1 \u t \ p - 1 \fMdxdt^0. 

Jo JR d 

Furthermore, since estimates ()4.4p imply that 

E f f M~ i \u t \ p ~ 1 \fl\dxdt < oo, 
Jo J«. d 

the dominated convergence theorem shows that it suffices to find a sequence 
of (p n € Co°(M + ) such that < (j) n < 1, § n — ► 1, M(j)' n are uniformly 
bounded, and M<j)' n — > in M + . 

To construct such a sequence, take some nonnegative r\, £ € Co°(M) such 
that 77 = near the origin, r](x) = 1 for x > 1, £ = 1 near the origin, and 
77, £ < 1. Then define 4> n {x) = f]{nx)Q{x/n). The reader will easily check 
that the required properties are satisfied. 

To prove that (|4.3p holds with the equality sign if r is bounded, we write 
(|4.5p with the equality sign and pass to the limit by the dominated conver- 
gence theorem knowing already that the right-hand side of (|4.3p is finite. 
The lemma is proved. 

Corollary 4.4. Let Assumptions \2. i\ and \2.2\ be satisfied. Let u £ g ${t), 
Mf° £ Lp t o(r), f 1 £ L Pl e(r), i = l,...,d, g = (g k ) £ L Pi e(r) and assume 
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that u satisfies for t < t. Then for any constant \ > there exist 

constants N* = N*(d,p,5) and N = N(x,d,p,5) such that 

p{p - 1)E f [ K'P +1 \u t \ p - 2 {a\ j - ctfXDiUtiDjUt dxdt 



+p( 7 + l)£ / / M^^t^utafDiUtdxdt 
Jo Jw d 

< m\Mf% pAr) + £ + (1 + K*)\\9\\i pAT) ) 

i=l 

+ [N*K(1 + K) + X ]I, (4.6) 

where 

I = E [ T [ (M^lutlP + M^lutlP-^Dut^dxdtKN^M^ul^ , y 
Jo Jm d w p,e^ 

To derive this result observe that by Lemma 14.31 



e [ T ( f [ P AP +1 \ Ut r 2 u t (biD lUt + am + ff) 

JO JR d 

-p{p - l)M^ x \u t \v- 2 {JiD iUt + 4u t + fl)D, jUt 
-p(7 + l)M^\ut\ p - 2 Ut{c^D iU t + a\ut + f}) 
+(l/2)p(p - l)M^ +1 \u t \P- 2 \al-D iUt + v t u t + g t \\] dx) dt > 0, 
which after rearranging the terms becomes 

pip - l)E I I M~t +1 \u t \ p - 2 {a\ j - ai j )(D iUt )D jUt dxdt 
Jo Jm d 

+p( 7 + l)£ [ [ M^lutl^utaf-DiUtdxdt 
Jo Jn d 

<E I" [ [W\ut \ p - 2 u t AlD iUt + M 7_1 \ut \ p B t ] dxdt 
Jo Jr c1 

+E [ T [ [M~<\u t r 2 u t F t + M^ +1 \u t \ p - 2 G t + M^ +l \u t \ p - 2 HlD iUt ] dxdt, 

JO JR d 
where 

A\ = P Mb\ - p(p - l)Ma\ + p{p - 1) (4 , M ut) t2 , 
B t = P M 2 c t - p( 7 + I) Mai + (l/2)p(P " 1)^ 2 HL 
F t = pMf t - p( 7 + l)/ 1 + p(p - \){Mv t ,9t) h , 
G t = il/2)pip-l)\g t \ 2 2 , 

Hi= P (p-i)(4,9t) ta -p(p-i)r t . 

To estimate the first expectation on the right, one uses the following simple 
estimates 

\Al\<N*K, \B t \<N*K(l + K), 
M^\u t \ p - l \Du t \ = {M^- l ^ 2 \u t \ p / 2 )i\Du t \M^ +1 ^ 2 \u t \^ p - 2 ^ 2 ) 
< Np- l \u t \ p + M^ +l \u t \ p - 2 \Du t \ 2 = M e - d \M~ l u t \ p 
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+M 9 - d \M- 1 u t \ p - 2 \Du t \ 2 < 2M e ~ d \M- 1 u t \ p + M e - d \Du t \ p . 

The second expectation is estimated by using inequalities like (|4.4|) . For 
instance, 

W +1 \ Ut \ p - 2 \Du t \\H t \ 
= (M^- 1 )^- 2 )/( 2 P)|u i |(P- 2 )/ 2 )(M^ +1 )/ 2 |u i |(P- 2 )/ 2 |Z)n t |)(M( e - d )/P|^| 

< x (AT y - 1 |« t |f + M^ +1 M p - 2 |Z)u t | 2 ) + A^Af 9 - d |^|f . 
Now we prepare to estimate from below the left-hand side of (|4.6p in 
terms of a quantity equivalent to ||M~ 1 u|| L a r T \. The following two results 
will not be used in the proof of Theorem 12,61 

Lemma 4.5. Let f3, e G (0,oo) be some constants and let a be a measurable 
bounded M. d -valued function on M£_ such that 

\a(x)-a(y)\ < (3 (4.7) 

whenever x,y G and \x — y\ < e(x 1 A y 1 ). TTien for any u G MW^q we 
have 

\l + P~ l ll a 1 W- 1 \u\ p dx\ < Nf3\\M- l u\\ p , (4.8) 

jRd P> 9 

where N = N(d,p,0,e) and 

I := I W\uY~ 2 u&Diudx. 

JR d 

Proof. Since C^°(]R+) is dense in MW^ e we may assume that u G 
C^{W\_). Take a nonnegative Q G C^°(1R^) with unit integral and such 
that C(x) = if x 1 <£ (1, 1 + e/2) or > e/2. For y G define 

= {x 1 r +1 ay l x\y\y' -x')){y l ) d -\ 

Observe that for x G 

C y (x)dy = (x 1 y [ C(y)dy = (x 1 y. (4.9) 

/ = / I(y)dy, 
JRl 



It follows that 



where J(y) = 7i(y) + I 2 (y), 

*i(v) = / , ( y \u\ p - 2 ua l (y)D iU dx, y = ({y l )-\y'), 



h{y) = / ( y \u\ p -*u[a\x) - a l {y)]D iU dx. 

Jr<1 

By the choice of ( we have that if ( v (x) ^ 0, then 1 < y 1 x l < 1 + e/2 
and y^y' — x'\ < e/2 implying that 

y 1 < x l < (1 + e/2)y\ \y' - x'\ < yh/2 = (e/2)(x l A y 1 ), 
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< x 1 - y 1 < fe/2, \x l - y l \ < {e/2){x l A y 1 ), 
\x - y\ < e(x 1 A y 1 ), \a(x) - a(y)\ < (3 . 



Hence, 



\h{y)\<p( <?\u\*- x \Du\dx, 



\l- h(y) dy\ <Nf3\\M- l u\\v . (4.10) 



■t- 

To deal with I\{y) we integrate by parts observing that 
\u\ p - 2 uD t u = p- 1 D i (\u\ p ). 

Then we find 

h{y) = -p- 1 [ (AC y K(y)M p dx = -p^My) - p - 1 J 2 (y), 

where 



J 1 (y)= / {D i C)[a\y)-a\x)\\ufdx, 
-Ml/) = ! (ACKM^x. 



As is easy to see 

DiC y dy = D i ((x 1 y) = 5 il 1 (x 1 y-\ 
J 2 {y)dy = 1 [ o 1 Ar r-1 |«l P dx 



and by P~T0|) 

U + P' 1 ! I a 1 M^- 1 \u\ p dx\<Nf3\\M~ 1 u\\ p wl + p' 1 [ \J x (y)\dy. 

jR d + W vfi jRd + 

(4.11) 

Furthermore, 

\Ji(y)\<P [ \D(y\\u\Pdx. 

JR^ 

Here 

\D(V(x)\ < \ 7 + i\( x 1 y\y( x ) + cy(x)y\ 

(V(x) := (x^+^CKyV^V " x'))(y 1 ) d -\ 
[ |£>C 2 '(x)|dy<|7 + lKx 1 r~ 1 + (^) 7_1 / \D((y)\y 1 dy = N(x 1 y~ 1 . 

Jr± Jr± 
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It follows that 

f \Ji(y)\dy<Nf3 f M^- 1 \u\Pdx = Nf3\\M- 1 u\\ L 

which after being combined with ()4.1ip leads to (14. 8\\ and proves the lemma. 

The following lemma is a simple consequence of Lemma 6.6 of [6J, where 
the estimate is stronger. The proof of Lemma 6.6 of [6] follows the same 
lines as that of Lemma [4.51 Lemma 14.61 will be used for a lJ = (a* 1 ) -1 ^ 1 ^ . 

Lemma 4.6. Let /3, e G (0, oo) be some constants and let a(x) be a measur- 
able function given on with values in the set of symmetric nonnegative 
matrices and such that \a^\ < and 

\a ij (x) -a ij {y)\ < (3 (4.12) 

whenever x,y G and \x — y\ < s(x 1 A y 1 ). Then for any u G MW^g and 
X > and k G (0, 1] we have 

[ M^ +1 \u\ p - 2 a^(Diu)D jU dx 

> (1 - k) 7 V 2 I M^a 11 \u\ p dx 

- N((e- 1 R+ l)p + K-'x^M-'uf , , (4.13) 

p,e 

where N = N(d, p, 5, d) and hxR = N(d, p)x~ 1/2 ■ 

5. Proof of Theorems 12.61 and 12.101 

With start with a theorem that says that to prove the solvability of (jl.ip 
we only need to have an a priori estimate of the lowest norm of u. 

Theorem 5.1. Let Assumptions 1 2. 1\ through [2~4\ be satisfied. Assume that 
there is a constant Nq < oo such that for any AG [0,1], u G 2Up e (t), and 
f°,...,f d and g = (g k ), satisfying 

Mf°J i ,g = (g k )eh Pi e(T), i = l,...,d, (5.1) 

we have the a priori estimate 

d 

\\M- l u\\ hpAT) < N (\\Mf\\ hpe{T) + £ \\fh pAT) + \\9\k pMT) ) (5.2) 

i=l 

provided that 

du t = (XA k u t + g k t ) dw? 

+ [(\L t + (1 - X)A)u t + / f ° + Difi) dt, t < r, (5.3) 
in (estimate (|5.2p is not supposed to hold if there is no solution u G 

2b^, (t) of 
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Then for any f°, f d , and g = (g k ) satisfying (15. ip there exists a unique 
u G 2Up g (r) satisfying (jl.ip in R^ /or t <r. Furthermore, for this solution 

d 

\\Du\\ LpAr) < N(\\Mf\\ LpAr) + £ \\f\\ hpAT) + \\ 9 \k pA r)), (5-4) 

i=l 

where N depends only on d,p,8,K,e,ei, and Nq. 

Proof. We call a A G [0, 1] "good" if for any for any /°, f d , and g = (g k ) 
satisfying (15. ip there exists a unique u G 2U peo (T) satisfying (|5.3p in R+. 
By Corollary 14.21 and assumption (|5.2p estimate (|5.4|) holds for solutions of 
(|5.3p if A is a "good" point. It follows that to prove the theorem it suffices 
to prove that all points of [0, 1] are "good". 

We are going to use the method of continuity observing that the fact that 
the point is "good" is known from [9j (or is easily obtained as suggested 
after (jl.2p ). We will achieve our goal if we show that there exists a constant 
fjL > such that if Ao is a "good" point, then all points in the interval 
[Ao — A 4 , Ao + fj] H [0, 1] are "good". So fix a "good" point Ao and fix some 
f°, f d , and g = (g k ) satisfying (|5.ip . 

For any v G MWj 9 (r) consider the equation 

du t = [(X L t + (1 - A )AH + (A - X )(L t - A)v t + D t f\ + f t ) dt 

+ (A A^ + (A - \ Q )K k vt + gt) dw k t . (5.5) 

Observe that 

(L t - A)v t = Dj((a^ - 5^)D t v t + a{v t ) + b\D t v t + cv t , 

where by assumption 

\{a ij - S ij )D iVt \ < N\Dv t \, \4v t \ < NM~ l \v t \, M\b l t D iVt \ < N\Dv t \, 

M\cv t \ < NM^lvtl, \A'v t \e 2 < N(\Dv t \ + M _1 |^|) 
and the right-hand sides in these estimates are in L P) e(r). Hence by the 
assumption that Ao is "good", equation (|5.5p has a unique solution u G 

In this way, for f 3 and g being fixed, we define a mapping v — * u in 
the space MWJ^(t). It is important to keep in mind that the image u of 
v G MWl/r) is always in 2» Pi0)O (t). Take v',v" G MffJ^r) and let u',u" 
be their corresponding images. Then u := u' — u" satisfies 

du t = {(X Lt + (1 - A )A)u 4 + (A - X )(L t - A)v t ) dt 

+{XA k u t + (A - X )A k v t ) dw k , 
where v = v' — v" . It follows by (|5,2p and (|5.4p that 

\\M- l u\\ w i g{T) < iV|A - A | \\M- l v\\^ e{T) 

with a constant N independent of /, g, v' , v" , Ao, and A. For A sufficiently 
close to Aq, our mapping is a contraction and, since MWJ(t) is a Banach 
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space, the mapping has a fixed point. This fixed point is in 233* ^(t) and, 
obviously, satisfies (|5.3p . As is explained above, this proves the theorem. 

Proof of Theorem 12.61 According to Theorem 15.11 it suffices to find 
K = K(d,p,5,5,9,e,£i) > such that Assumptions 12.11 through 12.41 would 
imply that (|5.2p holds for any solution u G W^q^t) of (jl.ip for t < r 
and Nq depends only on d,p,8,9,8, e, and e\. From the start we will only 
consider K < 1. This assumption allows us to eliminate K from the lists of 
what A r 's depend on in Theorem 15.11 and Corollary 14.21 

By Holder's inequality 



/ := \E 

where 



/ / W\ut\ p - 2 utc$-DiUtdxdt\ < ll /2 4 /2 
JO J«. d 



h = E ( I AP +1 \u t \ p ~ 2 ( V af-DiUf) 2 dxdt, 
JO JR d i 

and I2 = ||M _1 n||^ By assumption (|2.7p 

h < 5~ l E ( [ M"> +1 \ut\ p - 2 (4 j ~ ai j )(D jUt )D iU t dxdt =: S-%. 
Jo Jm. d 

By Lemma 6.1 of [I] (Hardy's inequality) and Assumption 12.21 we have 

l 2 h<p 2 E [ [ Nr i+1 \u t \ p ~ 2 \Du t \ 2 dxdt <p 2 8~ 1 I 3 . (5.6) 

Jo JR d 

It follows that 

J < 6-^5-^1-%, 
so that the left hand side of ()4.6[) dominates 

p(p - \)h - v\i + ifi-^^pd-^h. 

By assumption the sum of the coefficients of I3 is strictly positive. Therefore, 
a strictly positive factor of I3 admits an estimate in terms of the right-hand 
side of (14. 6p . Estimate (15. 6p shows that the same is true for I<i- In other 
words, 

\\M-^ vg{T) <NJ+ [N*K(1 + K) + X ]\\M- l u\\ P Kg{T) , 
where x > is arbitrary, N = N(x, d,p, 5, 5, 9), N* = N*(d,p, 5, 5, 9) and 

i=l 

Upon combining this with Corollary 14.21 we find 



IM-^H^ <NJ+[N*K{l + K) + x]\\M- l u 



where N = N(x,d,p,5,5,9,e,Ei) and N* = N*(d,p,5,5,9,e,Ei). 
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Now it is clear how to find x > an d AT > 0, depending only on 
d,p,8,5,9,e, and ei, so that the last estimate would imply that the esti- 
mate 

implying (|5.2p . holds for any solution u S 2Upg (r) of (jl.ip with Ao de- 
pending only on <i,p, 8, 8, 9, e, and e%. The theorem is proved. 

Proof of Theorem 12.101 As in the above proof, given d,p,S,6,9,e, and 
£\, it suffices to show how to find K > and fa > in such a way that 
Assumptions I2TT1 through 12.51 would allow us to derive (|5.2p . Again without 
loss of generality we assume that K, fa < 1- By Lemma 14.51 

p(7 + l)E / / M^\ut\ p ~ 2 u t afDiUtdxdt 
Jo JR d 

>—y(y + l)E [ [ a\ 1 M^- l \u t \Pdxdt-Nf5 2 \\M- 1 u\\ p wl 

where N = N(d,p,9). By Assumption 12.51 and Lemma 14.61 for a 13 = 

(oj 1 ) - 1 a| 1 aj we have 

p(p - l)E I [ Ar +1 |ut| p_ W - ai j )(DiUt)D jU t dxdt 

Jo JR d 

>p(p-l)8E [ I M^lutl^a^iDiU^DjUtdxdt 

Jo JR d 

> P~\P~ 1)5(1 - ft) 7 2 £ f [ a} 1 M' f - 1 \u t \ p dxdt 

Jo Jm. d 



-N((R+l)p 2 + K- 1 X )\\M -a 



i„,iip 

WUrV 



where N = N(d,p,8,8,9), InR = N(d,p)x~ 1/2 , and k € (0,1] and x > 
are arbitrary. 

Observe that, as k [ 0, 

-7(7 + 1) 1)5(1 - k)7 2 -> -7[7 + 1 -P~\p- 1)57]- 

The latter is a strictly positive constant since 7 < and 

1 + l+p-\p-l)h = P ~ 6p + 6 \9 + 1 ,-d-p+l] >0 

P p- 8p + 8 

by Assumption 12.51 It follows by (|4,6p that after fixing k = n(d,p,9,8) £ 
(0,1] appropriately we can find an iV = N(d,p,9,8,5) such that for any 
X>0 

IIM-^H^ < N((R + I) fa + AT + x) IIM-^II^^^ 

+ ^(iw°iiL (T) + E u/ii^ (T) + (i + n\\< pAr) ), (5.7) 
i=i 

where = N*(d,p,9,8,8,x)- 



SPDES WITH VMO COEFFICIENTS 



2.3 



By (15. 7p and Corollary 14.21 for any \ > 0, 

IIM-^H^ <N 1 ((R + l)p 2 + K + X )\\M- 1 u 




d 



+^(ii^ iiLw + Eii/ i iiL w + ii^iL M ) 



(5.8) 




Now we fix a \ = x(d, P, 0, <5, <5, £, £i ) > so that iVix < 1/4 and then find a 
/3 2 = p 2 (d,p,9,5,5,e,e 1 ) such that rVii?/3 2 < 1/4. Then estimate (f5T8|) will 
implies (I5.2p which along with Theorem 15.11 brings the proof of Theorem 
[27T01 to an end. 
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